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“Solid Angle Subtended By Any Polygonal
Plane at Any Point in the Space”
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Abstract: This is the unifying principle proposed by the author to calculate mathematically correct value of solid
angle subtended by any polygonal plane at any point in the space. According to this theory, if the location of foot of
perpendicular drawn from the given point in the space to the plane of polygon is specified then the polygonal plane
can be internally or externally or both divided into certain number of triangles by joining all the vertices of
polygon to the foot of perpendicular. Further each of the triangles can be internally or externally sub-divided in
two right triangles having common vertex at the foot of perpendicular. Thus, the solid angle subtended by the
polygonal plane at any point is the algebraic sum of solid angles subtended by the triangles at the same point such
that the algebraic sum of areas of all these triangles is equal to the area of polygon. This theory requires only one
standard formula for the solid angle subtended by a right triangular plane for finding out the solid angle
subtended by any polygonal plane. The applications of solid angle subtended by the planes & plates are wider in
the field of Radiometry for analysis of radiation energy emitted by point-sources. This field requires precise values
of radiation energy emitted by uniform point-sources like radioactive elements. Also, this theory is extremely
useful in case studies & practical computations.

Keywords: Theory of Polygon, HCR’s Standard Formula-1, Solid angle, Polygonal plane, F.O.P., Element Method,
Algebraic sum.

l. Introduction

The graphical method overcomes the limitations of all other analytical methods provided the location of foot of
perpendicular drawn from the given point to the plane of polygon is known. It involves theoretically zero error if the
calculations are done correctly. A polygon is the plane bounded by the straight lines. But, if the given polygon is divided
into certain number of elementary triangles then the solid angle subtended by polygon at given point can be determined by
summing up the solid angles subtended by all the elementary triangles at the same point. This concept derived a Theory.
According to it “for a given configuration of plane & location of point in the space, if a perpendicular, from any given
point in the space, is drawn to the plane of given polygon then the polygonal plane (polygon) can be internally or
externally or both divided into a certain number of elementary triangles by joining all the vertices of polygon to the foot
of perpendicular (F.O.P.) Further each of these triangles can be internally or externally sub-divided in two right triangles
having common vertex at the foot of perpendicular. Thus the solid angle subtended by the given polygonal plane at the
given point is the algebraic sum of solid angles subtended by all the elementary triangles at the same point such that
algebraic sum of the areas of all these triangles is equal to the area of given polygonal plane”

Let’s study in an order to easily understand the Theory of Polygon in a simple way.
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Il.  HCR’s Standard Formula-1 (Solid angle subtended by a right triangular plane at any point lying
at a normal height h from one of the acute angled vertices)

Using Fundamental Theorem of Solid Angle:

Let there be a right triangular plane ONM having perpendicular ON = p & the base MN = b and a given point say P(0, 0,
h) at a height ‘h’ lying on the axis (i.e. Z-axis) passing through the acute angled vertex say ‘O’

(As shown in the figurel below)

In rightAPOR
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Now, the equation of the straight line OM passing through the origin ‘O’
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In rightAPON Fig 1: Right Triangular Plane ONM, ON=p & MN=b
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Let’s consider an imaginary spherical surface having radius ‘R’ &
centre at the given point ‘P’ such that the area of projection of the
given plane ONM on the spherical surface w.r.t. the given point ‘P’ is
A’

Now, consider an elementary area of projection ‘dA’ of the plane
ONM on the spherical surface in the first quadrant YOX

(As shown in the figure 2)

Now, elementary area of projection in the first quadrant

= dA = (length)(width) = (Rsinfd¢)(Rd0) = R?sin6d08d¢

Fig 2: Elementary area dA on spherical surface
Hence, area of projection of the plane ONM on the spherical surface in the first quadrant is obtained by integrating the

above expression in the first quadrant & Applying the limits of '8'from 8, = (“/2 - e) to 0, = 1T/2 &
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'@'from @, = 0to @, = @,, we get

®o ®o
S>A= f f R2sin0d0 |d¢ = sz f sin6do

%o bsin
= sz do [— cosG]1T = sz sinBdo = sz e
0 -0 0 b2sinZ¢ + p2
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=R? hd deo (since, sin?a =1 — cos?a)
0 \/bz — b2sin?¢ + p?
®o bsin ®o sin
R e L e
b? + bz +p? cos2@ 0o +K%Z—cos?g
b2 + 2 /bZ + 2
where, K = bzp = b P

= A = R? [— sin~! {co;(p}] =R? [— sin™? {coIs;pO} + sin™?! {%}]
0

1 cos@
—R2|cin-1) "1 _ -1
=R [sm {K} sin { K }]

Now, on setting the values of ‘K’ & 'cosq,’, we get

h
1 +h? +
= A = R?|sin™? !7l—sin‘1< P’ l

k,/b2b+ pZJ 1/b2+p |

= R? [Sil’l_l {\/%-I-pz} —sin™? (\/bzb_i_ p2> (\/hzh+ p2>}]

Now, the solid angle subtended by the right triangular plane ONM at the given point ‘P’

= solid angle subtended by area of projection of triangle ONM on the spherical surface at the same point ‘P’

Using Fundamental Theorem

J dA j dA 1j A A
>S0W = _— = _— = — = —
., r2 ). R2R?J, R2

(since, R is constant for each point on the area of projection on the spherical surface)

o () )
) ) ()

SO T e T T

If the given point P (0, 0, h) is lying on the axis normal to the plane & passing through the acute angled vertex ‘M’ then

the solid angle subtended by the right triangular plane ONM is obtained by replacing ‘b’ by ‘p’ & ‘p’ by ‘b’ in the
equation(1), we have

— 2
Sw= FXR

S S T
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Note: Eq(1) is named as HCR’s Standard Formula-1 which is extremely useful to find out the solid angle subtended by
any polygon at any point in the space thus all the formulae can be derived by using eq(1).

I11.  Specifying the location of given point & foot of perpendicular in the Plane of Polygon
Let there be any point say point P & any polygonal plane say plane ABCDEF in the space. Draw a perpendicular PO from

the point ‘P’ to the plane of polygon which passes through the point ‘O’ i.e. foot of perpendicular (F.O.P.) (See front &
top views in the figure 3 below showing actual location of point ‘P’ & F.O.P. ‘O’)

1P
‘h
Plane \
F—¢ ®.7-=h
: g}
: i
: ———‘Bl :
- <
Fig 3: Actual location of point ‘P’ & F.O.P. ‘O’ Fig 4: Location of ‘P’ & ‘O’ in the plane of paper

Now, for simplification of specifying the location of given point ‘P’ & foot of perpendicular ‘Q’ we assume
a. Foot of perpendicular ‘O’ as the origin &
b. Point P is lying on the Z-axis

If the length of perpendicular PO is h then the location of given point ‘P’ & foot of perpendicular ‘O’ in the plane of
polygon (i.e. plane of paper) is denoted by P(0, 0, h) similar to the 3-D co-ordinate system

(See the figure 4 above).

IV. Element Method (Method of dividing the polygon into elementary triangles)

It is the method of Joining all the vertices A, B, C, D, E & F of a given polygon to the foot of perpendicular ‘O’ drawn
from the given point P in the space (as shown by the dotted lines in figure 4 above) Thus,
AAOB, ABOC,ACOD, ADOE, AEOF & AAOF are the elementary triangles which have common vertex at the foot of
perpendicular ‘O’.

Note: AABC, ABCD, ACDE, ADEF & AEFA are not taken as the elementary triangles since they don’t have common vertex
at the foot of perpendicular ‘O’

The area (Apolygon) of polygon ABCDEF is given as follows (from the figure 4)
Apolygon = algebraic sum of areas of elementary triangles

= Apaos + Assoc + Aacop + Aapor + Aaeor + Apaor

Since the location of given point & the configuration of polygonal plane is not changed hence the solid angle
(a)polygon) subtended by polygonal plane at the given point in the space is the algebraic sum of solid angles subtended by
the elementary triangles obtained by joining all the vertices of polygon to the F.O.P.

Now, replacing the areas of elementary triangles by their respective values of solid angles in the above expression as
follows

Wpotygon = alebraic sum of solid angles subtended by the elementary triangles

= Wpa0B T Wapoc + Wacop T Wapor T Wagor + Wasor

While, the values of solid angles subtended by elementary triangles are determined by using axiom of triangle i.e.
dividing each elementary triangle into two right triangles & using standard formula-1 of right triangle.
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V. Axiom of Triangle

“If the perpendicular, drawn from a given point in the space to the plane of a given triangle, passes through one of
the vertices then that triangle can be divided internally or externally (w.r.t. F.O.P.) into two right triangles having
common vertex at the foot of perpendicular, simply by drawing a normal from the common vertex (i.e. F.O.P.) to
the opposite side of given triangle.”

e An acute angled triangle is internally divided w.r.t. F.O.P. (i.e. common vertex)
e Arright angled triangle is internally divided w.r.t. F.O.P. (i.e. common vertex)
¢ Anobtuse angled triangle is divided

Internally if and only if the angle of common vertex (F.O.P.) is obtuse

Externally if and only if the angle of common vertex (F.O.P.) is acute

Now, consider a given point P(0,0, h) (located perpendicular to the plane of paper) lying at a height h on the normal
axes passing through the vertices A, B & C where the points P; (0,0, k), P,(0,0,h) & P;(0, 0, h) are the different locations
of given point P on the perpendiculars passing through the vertices A, B & C respectively at the same height h.

(See the different cases in the figures (5), (6) & (7) below)

Fig 5: Acute Angled Triangle

e  Acute Angled Triangle:

Consider the given point P(0, 0, h) at a normal height h from the vertex ‘A’ (i.e. foot of perpendicular drawn from the
point P; to the plane ofAABC)

Now, draw the perpendicular AM from F.O.P. ‘A’ to the opposite side BC to divide the AABC into two sub-elementary
right triangles AAMB & AAMC

In this case, the area (Aaapc) Of AABC is given by
Apapc = algebraic sum of areas of elemetary triangles
= Apamp + Apamc (AABC is internally divided)
Hence replacing the areas by the corresponding values of solid angles, we get
Wpape = algebraic sum of solid angles subtended by elemetary triangles at point P; (0,0, h)
= Waamp + Wpamc (AABC is internally divided)

The values of wpayp & Waamc SUbtended by the right triangles AAMB & AAMC respectively are calculated by using
standard formula-1 of right triangle (from eq(1) or eq(2)) as follows

et} ) )

Measure the dimensions AM, BM & P; A from the drawing & set b = BM,p = AM &

h = normal height of point P,(0,0, k) from the vertex A'(i.e.F.0.P.) = P, A in above expression

We get, the solid angle subtended by the right AAMB at the given point P, (0, 0, h)
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N e (o)
Wpamp = Sin —sin
(BM)? + (AM)? J(BM)? + (AM)2) \J/(P,A)? + (AM)?

Similarly, solid angle subtended by the right AAMC at the the same point P, (0, 0, h)

oune =i e~ s ()
(CM)2 + (AM)? J(CM)Z + (AM)2) \/(P,A)* + (AM)?

Hence, the solid angle subtended by the given AABC at the the given point P4 (0, 0, h) is calculated as

= Wpgapc = WaamB T Wpamc

Similarly, for the location of given point P,(0,0, h) lying at a normal height h from the vertex ‘B’ (i.e. foot of
perpendicular drawn from the point P, (0, 0, k) to the plane of AABC) (See figure 5 above)

By following the above procedure, we get the solid angle subtended by the given AABC at the the given point
P, (0,0, h) as follows

= Wpgpc = WaaNB T WacNB

1) = sin~! { AN } —sin™?! {( AN ) ( Lo >} &
AANB — (AN)? + (BN)?2 \/(AN)Z + (BN)? \/(PZB)Z + (BN)?

w =sin™! { CN } —sin™?! {( N ) ( i )}
ACNB — (CN)2 + (BN)? \/(CN)Z + (BN)? \/(PZB)Z + (BN)?

Similarly, for the location of given point P3(0,0, h) lying at a normal height h from the vertex ‘C’ (i.e. foot of
perpendicular drawn from the point P;(0, 0, k) to the plane of AABC) (See figure 5 above)

By following the above procedure, we get the solid angle subtended by the given AABC at the the given point
P;(0,0, h) as follows
= Wpgpc = Wagqc T WDaBgc

We can calculate the corresponding values of wysqc & wapgc Using standard formula-1 as follows

w =sin™! {—AQ } —sin™1 {( 40 ) < PsC )} &
A JAQ? + (CQ)? J@AQ? + €2/ \J(P;0? + (CQ)?

g (Tomeres) (oo o)
w B = Sln —— Y ¥ (A

anec (BQ)? + (CQ)? JBQ? + (€Q)2) \J(P;0)? + (CQ)?
e Right Angled Triangle:

Consider the given point P(0, 0, h) at a normal height h from the vertex ‘A’ (i.e. foot of perpendicular drawn from the
point P; (0, 0, h) to the plane of right ABAC) (See the figure 6)

Now, draw the perpendicular AM from F.O.P. ‘A’ to the opposite side BC to divide the right ABAC into two sub-
elementary right triangles AAMB & AAMC A @ B.o.h)

In this case, the area (Apgac) Of right ABAC is given by Aprgac =
algebraic sum of areas of elemetary triangles

Appac = Apamp + Aname  (right ABAC is internally divided) 8_‘/‘/
P {aoh) m Py(o.0.h)

Hence replacing the areas by the corresponding values of solid Fig 6: Right Angled Triangle
angles, we get
Wpgac = algebraic sum of solid angles subtended by elemetary triangles at point P, (0,0, h)
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= Wpamp + Waamc (right ABAC is internally divided)

The values of wyayp & waanc Subtended by the right triangles AAMB & AAMC respectively are calculated by using
standard formula-1 of right triangle (from eq(1) or eq(2)) as follows

w = sin~! {\/%pz} — sin™? {(\/bi p2> <\/h2h+ pz)}

Measure the dimensions AM, BM & P; A from the drawing & set b = BM,p = AM &

h = normal height of point P;(0,0, h)from the vertex A'(i.e.F.0.P.) = P,A in above expression

We get, the solid angle subtended by the right AAMB at the given point P, (0,0, h)

= ) ) )
(BM)? + (AM)? J(BM)2 + (AM)2) \J (P,A)? + (AM)?

Similarly, solid angle subtended by the right AAMC at the the same point P; (0, 0, h)

) e e
Waamc = Sin —Sin
(CM)? + (AM)? V(EM)Z + (AM)?) \/(P,A)? + (AM)?

Hence, the solid angle subtended by right ABAC at the the given point P;(0, 0, h) is calculated as

= Wppac = WpamB T Waamc

Now, for the location of given point P,(0,0,h) lying at a normal height h from the vertex ‘B’ (i.e. foot of
perpendicular drawn from the point P, (0, 0, k) to the plane of rightABAC ) (See figure 6 above)

Using standard formula-1 & setting b = AC,p = AB &
h = normal height of point P,(0,0, h)from the vertex B'(i.e.F.0.P.) = P,B

We get the solid angle subtended by the right ABAC at the the given point P, (0, 0, k) as follows

R
Wapac = St (AC)? + (AB)? St \/(AC)Z + (AB)? \/(PzB)Z + (AB)?

Similarly, for the location of given point P3(0,0, h) lying at a normal height h from the vertex ‘C’ (i.e. foot of
perpendicular drawn from the point P;(0, 0, i) to the plane of rightABAC) (See figure 6 above)

Using standard formula-1 & setting b = AB,p = AC &
h = normal height of point P;(0,0, h)from the vertex C'(i.e.F.0.P.) = P;C
We get the solid angle subtended by the right ABAC at the the given point P;(0, 0, k) as follows

o) (o) (o ra)
Wpgac = SIN” " {————¢ —sin
apac (AB)? + (AC)? J@AB)Z + (AC)2/ \\/(P;€)? + (AC)?
e Obtuse Angled Triangle:

Consider the given point P(0, 0, h) at a normal height h from the vertex ‘A’ (i.e. foot of perpendicular drawn from the

point P; (0, 0, h) to the plane of AABC) (See the figure 7) L8
L ”’ 2 &
Now, draw the perpendicular AM from F.O.P. ‘A’ to the ’,-”‘ '/*';lpfﬂ_(jf"" s
opposite side BC to divide the obtuse AABC into two sub- S ' __"9‘----_____‘_‘\\p’(o.qm
elementary right triangles AAMB & AAMC e g
In this case, the area (Ap,p5c) Of obtuse AABC is given by Fig 7: Obtuse Angled Triangle
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Apape = algebraic sum of areas of elemetary triangles
= Apamp + Anramc (obtuse AABC is internally divided)
Hence replacing the areas by the corresponding values of solid angles, we get
Wpape = algebraic sum of solid angles subtended by elemetary triangles at point P, (0,0, h)
= Waamp + Waamc (obtuse AABC is internally divided)

The values of wpayp & Waamc SUbtended by the right triangles AAMB & AAMC respectively are calculated by using
standard formula-1 of right triangle (from eq(1) or eq(2)) as follows

S N T

Measure the dimensions AM, BM & P, A from the drawing & set b = BM,p = AM &

h = normal height of point P,(0,0,h)from the vertex A'(i.e.F.0.P.) = P, A in above expression

We get, the solid angle subtended by the right AAMB at the given point P, (0,0, h)

N (@) (e sam)
Wpramp = SIn —Sin
(BM)? + (AM)? V(BM)? + (AM)2) \{J (PA)? + (AM)?

Similarly, solid angle subtended by the right AAMC at the the same point P; (0, 0, h)

) o) e
Waamc = Sin —Sin
(CM)? + (AM)? V(EM)Z + (AM)?) \/(P,A)? + (AM)?

Hence, the solid angle subtended by obtuse AABC at the the given point P4(0, 0, h) is calculated as

= Waapc = WaamB T Wpamc

Now, for the location of given point P,(0,0,h) lying at a normal height h from the vertex ‘B’ (i.e. foot of
perpendicular drawn from the point P, (0, 0, h) to the plane of AABC ) (See figure 7 above)

Draw the perpendicular BQ from F.O.P. ‘B’ to the opposite side AC to divide the obtuse AABC into two sub-
elementary right triangles ABQC & ABQA

In this case, the area (Aa4pc) Of obtuse AABC is given by
Apapc = algebraic sum of areas of elemetary triangles
= Aapoc — Aapoa (obtuse AABC is externally divided)
Hence replacing the areas by the corresponding values of solid angles, we get
Waape = algebraic sum of solid angles subtended by elemetary triangles at point P,(0,0, h)
= Wapgc — WaBQA (obtuse AABC is externally divided)

The values of wypgc & wapga Subtended by the right triangles ABQC & ABQA respectively are calculated by using
standard formula-1 of right triangle (from eq(1) or eq(2)) as follows

w = sin™ {\/%pz} ~sin™ {(Jb2b+ pz) <Jh2h+ pz)}

Measure the dimensions QC, BQ & P,B from the drawing & set b = QC,p = BQ &

h = normal height of point P,(0,0, h)from the vertex 'B'(i.e.F.0.P.) = P,B in above expression

We get, the solid angle subtended by the right ABQC at the given point P, (0,0, h)
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_-—1L_‘—1 Qe f2h
@asoe = S { (QC)2+(BQ)2} o {<\/(Qc)2+(BQ)2> (J(PZB)2+(BQ)2>}

Similarly, solid angle subtended by the right ABQA at the the same point P, (0, 0, k)

N o B (Vo o o)
Wppga = SIN™ " \—————=( — sin

(Q4)2 + (BQ)? V(@A) + (BQ)?/ \J(P,B)? + (BQ)?
Hence, the solid angle subtended by obtuse AABC at the the given point P, (0, 0, k) is calculated as

= Wpgpc = Wppgc — WaABQA

Similarly, for the location of given point P3(0, 0, h) lying at a normal height h from the vertex ‘C’ (i.e. foot of
perpendicular drawn from the point P;(0, 0, ) to the plane of AABC ) (See figure 7 above)

Following the above procedure, solid angle subtended by obtuse AABC at the the given point P3(0, 0, h) is calculated
as

= Waagc = Wacng — Wacva (obtuse AABC is externally divided)

e { BN } — {( BN >< P;C )} 2
» Wacng = (BN)Z + (CN)? J(BN)?2 + (CN)2/ \\J(P;C)? + (CN)?

= _ S.n—l{ AN }_ S'Tl_l {< AN >< P3C )}
Wacna = Si amzten JAN)Z + (CN)2) \{/(P;0)2 + (CN)?

Now, we will apply the same procedure in case of any polygonal plane by diving it into the elementary triangles with
common vertex at the F.O.P. & then each elementary triangle into two sub-elementary right triangles with common vertex
at the F.O.P. Now, it’s easy to understand the theory of polygon

V1. Axiom Of Polygon

“For a given point in the space, each of the polygons can be divided internally or externally or both w.r.t. foot of
perpendicular (F.O.P.) drawn from the given point to the plane of polygon into a certain number of the elementary
triangles, having a common vertex at the foot of perpendicular, by joining all the vertices of polygon to the F.O.P.
by straight lines (generally extended).”

e Polygon is externally divided if the F.O.P. lies outside the boundary

e Polygon is divided internally or externally or both if the F.O.P. lies inside or on the boundary depending on
the geometrical shape of polygon (i.e. angles & sides)

(See the different cases in the figures (8), (9), (10) & (11) below as explained in Theory of Polygon)

Elementary Triangle: Any of the elementary triangles obtained by joining all the vertices of polygon to the foot of
perpendicular drawn from the given point to the plane of polygon such that all the elementary triangles have common
vertex at the foot of perpendicular (F.O.P.) is called elementary triangle.

Sub-elementary Right Triangles: These are the right triangles which are obtained by drawing a perpendicular from
F.O.P. to the opposite side in any of the elementary triangles. Thus one elementary triangle is internally or externally
divided into two sub-elementary right triangles. These sub-elementary right triangles always have common vertex at the
foot of perpendicular (F.O.P.)

VII.  HCR’s Theory of Polygon
This theory is applicable for any polygonal plane (i.e. plane bounded by the straight lines only) & any point in the

space if the following parameters are already known

1. Geometrical shape & dimensions of the polygonal plane
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2. Normal distance (h) of the given point from the plane of polygon
3. Location of foot of perpendicular (F.O.P.) drawn from given point to the plane of polygon

According to this theory “Solid angle subtended by any polygonal plane at any point in the space is the algebraic
sum of solid angles subtended at the same point by all the elementary triangles (obtained by joining all the vertices
of polygon to the foot of perpendicular) having common vertex at the foot of perpendicular drawn from the given
point to the plane of polygon such that algebraic sum of areas of all these triangles is equal to the area of given

polygon.”

Mathematically, solid angle (wpolygon) subtended by any polygonal plane with ‘n” number of sides & area ‘A’ at any
point in the space is given by

wpglygon = (l)l + (IJZ + (IJ3 + (,U4 + (,US

= Wpolygon = [Z wi]

algebraic
where,  Ayorygon = Ar + Ay + Ag + Ay + A oo oo = [Z Ai]algebraic
Ay, Ay As Ay A, e are the areas of elementary triangles subtending the solid angles w,, w,, w3, w4. Ws ... ... at the

given point which are determined by using standard formula-1 (as given from eq (1)) along with the necessary dimensions
which are found out analytically or by tracing the diagram which is easier.

o Element Method: It the method of diving a polygon internally or externally into sub-elementary right
triangles having common vertex at the F.O.P. drawn from the given point to the plane of polygon such that
algebraic sum of areas of all these triangles is equal to the area of given polygon.”

e Working Steps:
STEP 1: Trace/draw the diagram of the given polygon (plane) with known geometrical dimensions.
STEP 2: Specify the location of foot of perpendicular drawn from a given point to the plane of polygon.

STEP 3: Join all the vertices of polygon to the foot of perpendicular by the extended straight lines. Thus the polygon is
divided into a number of elementary triangles having a common vertex at the foot of perpendicular.

STEP 4: Further, consider each elementary triangle & divide it internally or externally into two sub-elementary right
triangles simply by drawing a perpendicular from F.O.P. (i.e. common vertex) to the opposite side of that elementary
triangle.

STEP 5: Now, find out the area of given polygon as the algebraic sum of areas of all these sub-elementary right triangles
i.e. area of each of right triangles must be taken with proper sign whose sum gives area of polygon.

Remember: All the elementary triangles & sub-elementary right triangles must have their one vertex common at
the foot of perpendicular (F.O.P.).

STEP 6: Replace areas of all these sub-elementary right triangles by their respective values of solid angle subtended at
the given point in the space.

STEP 7: Calculate solid angle subtended by each of individual sub-elementary right triangles by using the standard
formula-1 of right triangle (from eq(1) as derived above) as follows

w = sin”* {Jbzéﬂgz} ~sin™ {<\/b2b+ pz) <Jh2h+ p2>}

STEP 8: Now, solid angle subtended by polygonal plane at the given point will be the algebraic sum of all its individual
sub-elementary right triangles as given (By Element Method)

wpolygon = Wy + (O)) + w3 + Wy + W5 F o
* Finally, we get the value of w as the algebraic sum of solid angles subtended by right triangles only.

Page | 37

polygon

Research Publish Journals



http://www.researchpublish.com/

International Journal of Mathematics and Physical Sciences Research 1SSN 2348-5736 (Online)
Vol. 2, Issue 2, pp: (28-56), Month: October 2014 - March 2015, Available at: www.researchpublish.com

VIIl. Special Cases for a Polygonal Plane

Let’s us consider a polygonal plane (with vertices) 123456 & a given point say P(0, 0, h) at a normal height h from the
given plane in the space.
Now, specify the location of foot of perpendicular say ‘O’ on the plane of polygon which may lie

1. Outside the boundary

2. Inside the boundary

3. Onthe boundary

a. Onone of the sides or b. At one of the vertices
Let’s consider the above cases one by one as follows

1. F.O.P. outside the boundary:

Let the foot of perpendicular ‘O’ lie outside the boundary
of polygon. Join all the vertices of polygon (plane) 123456 .
to the foot of perpendicular ‘O’ by the extended straight Fig 8: F.O.P. lying outside the boundary

lines

(As shown in the figure 8) Thus the polygon is divided into elementary triangles (obtained by the extension lines), all
having common vertex at the foot of perpendicular ‘O’. Now the solid angle subtended by the polygonal plane at the
given point ‘P’ in the space is given

By Element-Method

a)1234_56 = a)616, + a)566,5, + (U22,55, + w4,42,2 + w344, wEE EEE wEE wEEE mEE mEE oREE oW (I)
where, Weg161 = W01 — Weo1

Wse6r51 = Ws106r — W506W22/551 = W2051 — Wa/ps
Wyrazr2 = Wy'oy — W02/
W3441 = W304r — W304
Thus, the value of solid angle subtended by the polygon at the given point is obtained by setting these values in the eq. (1)
as follows

> Wi23a56 = (W01 — We01) + (Ws106: — Ws06) T (W205 — Wyrps) + (Wy70, — Wa02/)
Further, each of the individual elementary triangles is divided into two sub-elementary right triangles for which the values
of solid angle are determined by using standard formula-1 of right triangle.

2. F.O.P. inside the boundary:

Let the foot of perpendicular ‘O’ lie inside the boundary of polygon. Join all the vertices of polygon (plane) 123456 to the
foot of perpendicular ‘O’ by the extended straight lines (As o

shown in the figure 9) )
Thus the polygon is divided into elementary triangles (obtained P
by the extension lines), all having common vertex at the foot of / -
perpendicular ‘O’. Now the solid angle subtended by the
polygonal plane at the given point P in the space is given

By Element-Method Figure 9: F.O.P. lying inside the boundary
W123456 = W1g2 T Wyp3 + W35, + Ws54 + Ws04s v e e e e e e (1)
Where,

Ws/54 = Wslpg — Ws04
Thus, the value of solid angle subtended by the polygon at the given point is obtained by setting these values in the eq. (11)
as follows

= Wi23456 = W102 T Wa03 + W35, + (Wsps — Ws04) + W50,
Further, each of the individual elementary triangles is divided into two sub-elementary right triangles for which the values
of solid angle are determined by using standard formula-1 of right triangle.
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3. F.O.P. on the boundary: Further two cases are possible
a. F.O.P. lying on one of the sides:

Let the foot of perpendicular ‘O’ lie on one of the sides say ‘12’ of polygon. Join all the vertices of polygon (plane)
123456 to the foot of perpendicular ‘O’ by the straight lines

(As shown in the figure 10)

Thus the polygon is divided into elementary triangles (obtained by the straight lines), all having common vertex at the
foot of perpendicular

‘O’. Now the solid angle subtended by the polygonal plane at the given
point ‘P’ in the space is given By Element-Method /

w123456 = w106 + w605 + 0)504 + (1)403 + (1)302 EEs mEs wEE wEw wEw wmEE owEE oW (III) e ’,;-:)
Further, each of the individual elementary triangles is divided into two sub- A = ‘///
elementary right triangles for which the values of solid angle are determined £ " & - <@
by using standard formula-1 of right triangle. e TN\
b. F.O.P. lying at one of the vertices: \“v

Let the foot of perpendicular lic on one of the vertices say ‘5’ of polygon. Figure 10: F.O.P. lying at one of the sides
Join all the vertices of polygon (plane) 123456 to the foot of perpendicular

(i.e. common vertex ‘5”) by the straight lines Y oan :

(As shown in the figure 11) > .
Thus the polygon is divided into elementary triangles (obtained by the ¥
straight lines), all having common vertex at the foot of perpendicular 5. // = ";‘TS" 2

Now the solid angle subtended by the polygonal plane at the given point = ._" -

‘P’ in the space is given By Element-Method T~

W123456 = W15y + W53 + W354 + W1s6 IR (D

Further, each of the individual elementary triangles is divided into two sub- Fig 11: F.O.P. lying on one of the vertices

elementary right triangles for which the values of solid angle are determined by using standard formula-1 of right triangle.

IX. Analytical Applications of Theory of Polygon

Let’s take some examples of polygonal plane to find out the solid angle at different locations of a given point in the space.
For ease of understanding, we will take some particular examples where division of polygons into right triangles is easier
& standard formula can directly be applied by analytical measurements of necessary dimensions i.e. drawing is not
required. Although, random location of point may cause complex calculations

¢ Right Triangular Plane

F.O.P. lying on the right angled vertex: Let there be a right triangular plane ABC having orthogonal sides AB = a & BC
= b & a given point say P(0, 0, h) at a normal height h from the right angled
vertex ‘B’

(As shown in the figure 12 below)
Now, draw a perpendicular BN from the vertex ‘B’ to the hypotenuse

AC to divide the right AABC into elementary right triangles
AANB & ABNC. By element method, solid angle subtended by the right

po.o.h) b G

AABC at the given point P Fig 12: Point P lying on the normal axis
passing through the right angled vertex B

= Waapc = Waang T Wasne

Where, the values of wa,yg & wapnc are calculated by standard formula-1 as follows

Values of BN,AN & CN can be easily calclated as follows
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BN = ab AN= o & CN = b’
JVZ+p2 | JEZibe Ny

) = sin™! { AN } —sin™t {( AN ) < 7 )}
< WpANB = (AN)? + (BN)? \/(AN)Z + (BN)? \/(PB)Z + (BN)?

o= = \
= sin~ 1 VaZ + b? i_sm “ va? + b? h Ii
\/\/a2+b2 <\/a2+b2)J k\J\/aubz \/a2+b2 /\J(h)z 2+b2 /J

a ah
= Wpayp = Sin”? {—} —sin™! { }
VaZ + b2 JVh*(a? + b?) + a?b?

Similarly, we can calculate solid angle subtended by the ACNB at the given point P(0, 0, h)

= ) ) )
(CN)2 + (BN)? J(CN)2 + (BN)2/ \/(PB)? + (BN)?

| y [N -, \
— sin- 1 Va? + b? i_sm “ Va? + b? h Ii
J \/az + b2 <\/a2 + b2> J N J \/az + b2 \/a2 + b2 / \J(h)z Va? + b2 b2> /}

b bh
= wpcyg = sin~t {7} —sin™t { }
VaZ + b2 Jh*(a* + b?) + a2b?

Hence, the solid angle subtended by given right AABC at the given point P(0, 0, h) lying at a normal height h from the
right angled vertex ‘B’ is calculated as follows

= WpaBc = Waanp T WacnB

= sin~?! {L} —sin~t { ah } + sin~?! {L} —sin™?! { bh }
VaZ + b2 Jh2(a? + b2) + a?b? VaZ + b? Jh2(a? + b?) + a?b?

[sin'1 {L} +sin™t {L}] - [sin'1 { ah } + sin™1! { bh }]
VaZ + b2 VaZ + b2 Jh2(a? + b?) + a2b? Jh2(a? + b?) + a2b?
Using, sin™tx +sinty = sin"!(x/1 — y2 + yV1 —x2) ¥ (-1 < (x,y) < 1) & simplifying, we get

@ +b?) _ (W(NEFEE + b )
a2+p2f " h2(a? + b?) + a?b?

:wAABC = Sin_l{

T {h(azvh2 +b% + b*Vh? + az)}

—p s h2(aZ + b2) + a?b?

(h(aVRZTB? + bzm)} )

~ @Wpgpc = COS™ { hZ(a? + b?) + a?b?

Note: This is the standard formula to find out the value of solid angle subtended by a right triangular plane, with
orthogonal sides a & b, at any point lying at a normal height h from the right angled vertex.

e Rectangular Plane
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F.O.P. lying on one of the vertices of rectangular plane: Let there be a rectangular plane ABCD having length AB = [ &
width BC = b & a given point say P(0, 0, h) at a normal height h from any of the vertices say vertex ‘A’

Now, draw a perpendicular PA from the given point ‘P’ to the plane D

-

of rectangle ABCD passing through the vertex A (i.e. foot of -

”

perpendicular). Join the vertex ‘C’ to the F.O.P. ‘A’ to divide the P(O 0 h) SO
plane into elementary triangles I.e. right triangles AABC & AADC. = #2 b

-

It is clear from the figure (13) that the area of rectangle ABCD -

-

Appcp = Anasc + Ananc A K 4 5

Hence, using Element Method by replacing areas by corresponding

values of solid angles, the solid angle subtended by the rectangular plane ABCD at the given point P
_ Fig 13: Point Plying on the normal axis passing
Wapcp = Waapc T Waapc through one of the vertices of rectangular plane

Now, using standard formula-1, solid angle subtended by the right AABC at the point P(0, 0, h)

1) =sin™! L} —sint {( b ) ( - )}
aABC = (BO)? + (AB)? J(BC)? + (4B)2) \\/(PA)? + (AB)?

= sin~1 \/%} —sin~t {(\/bzb_l_ lz) <\/h2h+ 12)}

oo et} o ) )
(CD)? + (AD)? J(€D)2 + (AD)%) \\/(PA)? + (AD)?

e ) ()

Hence, the solid angle subtended by rectangular plane ABCD at the given point P(0, 0, h)lying at a normal height h from
vertex A

Wapcp = Waagc T Waapc

= sin~! {\/bZL—-I-lZ} —sin™t {(\/bzl:_ lz) <\/h2h+ lz)} +sin” {\/ﬁ} —sin”™ {(\/lz :- bZ) (\/h2h+ bZ)}

= [Si"_l {ﬁ} Fsin™ {J%w}] - [Sm_l {<\/12 i bz) <thh+ b2>} Fsin™ {<\/b2b+ 12) (vh2h+ zzm

Using, sin™tx +sinty = sin™!(x/1 — y2 + yV1 —x2) ¥V (-1 < (x,y) < 1) & simplifying, we get

12 +b2} , _1{ h(1* + bz)m}
—Ssin

— ojn—1
= Wapcp = Sin {—lz X

(12 + b?)VI2 + h2Vb? + h?
b ,_1{ h\/l2+b2+h2} _1{ hv12+b2+h2} ,_1{ b }
== mn = Cco =
2 VI + R2VDZ + 12 VI + RVbE + I2 VI + R2VBZ + 12
R b A
- Wypcp = SN \/(lz D0 1 1) ST ) |

Note: This is the standard formula to find out the value of solid angle subtended by a rectangular plane of size
a X b at any point lying at a normal height h from any of the vertices.

F.O.P. lying on the centre of rectangular plane: Let the given point P(0, 0, h) be lying at a normal height h from the
centre ‘O’ (i.e. F.O.P.) of rectangular plane ABCD. Join all the vertices A, B, C, D to the F.O.P. ‘O’.
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o) - <
\~‘\\ 0”- ’/
Ele o pPeoh) | [b
A = = =g
>4
= z

Fig 14: Point P lying on the normal axis passing through the centre of rectangular plane

Thus, rectangle ABCD is divided into four elementary trianglesSAAOB,ABOC,ACOD & AAOD. Hence, Area of rectangle
ABCD

= Aupcp = Aanos + Ansoc T Aacop + Anaop
= 2(Apa0s + Apaop) By symmetry

Now, draw perpendiculars OE & OF from the F.O.P. ‘O’ to the opposite sides AB in AAOB & AD in AAOD to divide
them into

sub-elementary right triangles AOEA, AOEB in AAOB &
AOFA,AOFD in AAOD

= Aupcp = 2 X 2(Apopa + Asora) = 4(Anoga + Anora) By symmetry

Hence, using Element Method by replacing areas by corresponding values of solid angles, the solid angle subtended by
the rectangular plane ABCD at the given point P

Wapcp = 4(Wpopa + WaoFa)

Now, using standard formula-1, solid angle subtended by the right AOEA at the point P(0,0,h)

_ {L}_ {( A )( PO )}
Goora = ame+ ope) - \J@mz + 052/ \JPoy: + (0B
B S ) I G 1O ©) h
&+ ORIOPANAC

= sin~?! {ﬁ} sin {(\/lz n b2> (\/4}12 + b2>} &

WAOFA =

PO
J(AF)? + (0F)? (OF)Z} {(J (AF)? + (OF)Z) <J (PO)? + (OF)2>}

e
®) ® :
{ Jil { 6+ @ e+ }

= sin~? {\/ﬁ} sin™* {<\/l2lf|- bz) (\/4h22h+ l2>}

Hence, the solid angle subtended by rectangular plane ABCD at the given point P(0, 0, h)lying at a normal height h from
vertex A

Wapcp = 4(Wpopa + Waora)
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= 4[sin> {\/ﬁ} ~sin (77 l+ =) <\/4h§h+ =)f s {\/%} ~sin™ {(\/zzi =) (\/4h22h+ 2l

o f e

-4 [Si"_l {<\/12 l+ b2> (\/4h§h+ b2>} +sin”! {(\/zzljr bz) (\/4h22h+ 12>}]

Using, sin™tx +sinty = sin™!(x/1 — y2 + yV1 —x2) ¥V (-1 < (x,y) < 1) & simplifying, we get

1?2 + bz} ] _1{ 2h(1? + b?)VI%2 + b2 + 4h? }]
12 + b? (12 + b2)VIZ + 4h2D? + 4h?

[n ) _1{ 2hVI2 + b2 + 4h2 }]
=4 |- —sin

2 VIZ + 4h2\b? + 4h?

_( 2hVIZ ¥ bZ ¥ 4R2 o Ib
4 cos~t = 4sin 1{ }
VIZ + 4h2\b? + 4h? VIZ + 4h2\b? + 4h?

= Wapcep = 4 [sin‘1 {

Ib
. = 4sin! SRR ()
@apcp = S5 {\/ (I + 4h?) (b2 + 4h2)} ®

Note: This is the standard formula to find out the value of solid angle subtended by a rectangular plane of size
a X b at any point lying at a normal height h from the centre.

e Rhombus-like Plane

Let there be a rhombus-like plane ABCD having diagonals AC =
2d, & BD = 2d, bisecting each other at right angle at the centre ‘O’

and a given point say P(0, 0, h) at a height ‘h’ lying on the normal
axis passing through the centre ‘O’ (i.e. foot of perpendicular) (See
the figure 15)

Join all the vertices A, B, C & D to the F.O.P. to divide the rhombus
ABCD into elementary right triangles AAOB,ABOC,ACOD & AAOD.

Now, area of rhombus ABCD

Fig 15: Point P lying on the normal axis
= Agpcp = Apaos * Aspoc + Aacop + Asaop passing through the centre of rhombus

= 4(Apn08) By symmetry
Hence, using Element Method by replacing area by corresponding value of solid angle, the solid angle subtended by the
rhombus-like plane ABCD at the given point P.
Wapcp = 4Wpa0p

From eq(3), we know that solid angle subtended by a right triangular plane at any point lying on the vertical passing
though right angled vertex is given as

» {h(azx/h2 + b2 + b*V/h? + az)}
w = cos

h2(a? + b?) + ab?

On setting, a = d, & b = d, in the above equation, we get
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(
Ih<d12 /hz +d,* + dy? /h2+d12)

\
|

® = cos~ !
A408 { h2(d? + d,?) + dy%d,> }

\

Hence, the solid angle subtended by rhombus-like plane ABCD at the given point P(0, 0, h)lying at a normal height h

from centre ‘O’
(dlz /hz +d,? + dy” /hZ+az1 )
= wypcp = €Os~ !

h?(d.* + d,?) + d*d,? J

. (6)

Note: This is the standard formula to find out the value of solid angle subtended by a rhombus-like plane having
diagonals 2d; & 2d, at any point lying at a normal height h from the centre.

¢ Regular Polygonal Plane

Let there be a regular polygonal plane A, 4,45 ..... A, having ‘n’
no. of the sides each equal to the length ‘a’ & a given point say
P(0, 0, h) at a height ‘h’ lying on the normal height h from the
centre ‘O’. (i.e. foot of perpendicular) (See the figure 16)

Join all the vertices 4,,4,,As, .....& A, to the F.O.P. ‘O’ to

divide the polygon into elementary triangles - N S\ded regu\ar

AOAA,,AOA,A;, ... ... ... ......,AOA,_, A, which are congruent P°|,Y3-"'\
hence the area of polygon
Aregpoly. = Anoaya, + Anoazas + Asonza, + oo i FAnoana,  Fig 16: Point Plying on the normal axis passing

through the centre of regular polygonal
= n(AAOAlAz) = n(AAOMA1 + AAOMAZ)

Now, draw a perpendicular OM from F.O.P. ‘O’ to opposite side A;4, to divide AOA, A, into two sub-elementary right
triangles AOM A, & AOM A, which are congruent. Hence area of polygon

Areg.poly. =nX 2(AAOMAl) = 2n(AAOMAl)

Hence, using Element Method by replacing area by corresponding value of solid angle, the solid angle subtended by the
regular polygonal plane 4,A4,4; ..... A, at the given point P.

Wppcp = Zn(AAOMAl)

Now, using standard formula-1, solid angle subtended by the right AOMA;, at the point P(0,0,h)

| o) arror) (oorea)
Wproma, =
AoMAy VA M)? + (0M)? JAM)Z + (0M)2) \\/(P0O)? + (OM)?

Now, setting the corresponding values in above expression as follows
a a T
AM=—, OM = —=cot— & PO = h, we have
2 2 n
a

— cjin—1 2 —ein—1 h
wAOMAl =Sin Sin

J& + GearTy J& + Geor D) )\ [+ (Geor T’

Page | 44
Research Publish Journals



http://www.researchpublish.com/

International Journal of Mathematics and Physical Sciences Research 1SSN 2348-5736 (Online)
Vol. 2, Issue 2, pp: (28-56), Month: October 2014 - March 2015, Available at: www.researchpublish.com

= sin

S T U {( L\ \}

i
ki = s
cosec t cosec \ 42 + a?cot? _/)

n
. T . T
T 2hsin— T 2hsin —
o1 . -1 n Pp— n

= sin™ {sin— — sin =——sin
n

’ n f
4h2 + azcotzg 4h2 + azcotzg

Hence, the solid angle subtended by regular polygonal plane A;A4,A4; .....A, at the given point P(0,0,h) lying at a
normal height h from centre ‘O’

[n ( 2hsinZ i

= ang—sin‘l{ n ‘
s
k 4h2 + aZcot? H}

LT
Zhsmﬁ
= Wregpoly. = 2T — 2nsin™! vn>3 e (7)

t /4h2 + a%cot? %}

Note: This is the standard formula to find out the value of solid angle subtended by a regular polygonal plane,
having n number of sides each of length a, at any point lying at a normal height h from the centre.

e Regular Pentagonal Plane

Let there be a regular pentagonal plane ABCDE having each side of length a and a given point say P(0, 0, h) lying at a
normal height ‘h’ from the centre ‘O’ (i.e. foot of perpendicular) (See figure 17)

Join all the vertices A, B, C, D & E to the F.O.P. ‘O’ to divide the pentagon ABCDE into elementary
triangles AABC,AACD & AADE.

Now, draw perpendiculars AN, AQ & AM to the opposite sides
BC, CD & DE in AABC,AACD & AADE respectively to divide
each elementary triangle into two right triangles. Hence the

area of regular pentagon
Aregpenta = Z(AAABC + AAAQC) by symmetry

= Z(AAANC — Apang + AAAQC) (AAABC = Apanc — Anans )

Hence, using Element Method by replacing areas by
corresponding

values of solid angle, the solid angle subtended by the regular Fig 17: Point P lying on the normal axis passing
through the vertex A of regular pentagon

pentagonal plane ABCDE at the given point P.

Wregpenta. — Z(wAANC — Waang T wAAQC) = Z(wAANC + Wasgc — (UAANB) =

Necessary dimensions can be calculated by the figure as follows
a
AN = acos18°, BN = asin18°, CN =a+asinl18° & AQ = Ecot180

Now, using standard formula-1, solid angle subtended by the right AANC at the point P(0, 0, h)

SR W e o R Wi ra e W rvesrermd)
Wpane = -
fane (CN)? + (AN)? J(CN)2 + (AN)2) \\/(PA)? + (AN)?2
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. _1{ a + asin18° } _— {( a + asin18° > ( h )}
= sin — sin
\/(a + asin18°)? + (acos18°)?

\/(a + asin18°)? + (acos18°)? \/hz + (acos189)?

1+ sin18° 1+ sin18° h
= sin‘l —_— 0 — sin‘l < )
JV2(1 + sin18°) J2(1 + 5in18°)/) \Wh? + a?cos?18°

1+ sin18° 1+ sin18° h
= sin™?! — (" sin~! 5 < )

Vh2 + a%cos?18°

3

_ — < hcos36° > ) 1+sin18° 360
Waane =75~ Sin T T aleostine since, 3 = cos

Similarly, we get solid angle subtended by right AANB at the given point ‘P’

W =sin~! { BN } —sin™! {( BN ) ( - >}
AANB = (BN)Z 1 (AN)? J(BN)Z + (AN)2/ \{/(PA)? + (AN)?

] _1{ asin18° } — {( asin18° >< h )}
= sin — sin
\/(asin18°)2 + (acos189)2 \/(asin180)2 + (acos189)2 \/h2 + (acos189)2
h
= sin"{sin18°} — sin?! {(sin18°) ( )}

Vh2 + a%cos?18°

I . _1( hsin18° )
=——sin
BT vVh? + a?c0s218°

Similarly, we get solid angle subtended by right AAQC at the given point ‘P’

S i P
Badec = 5in {(CQ)2+(AQ)2 7 \eor+ aor) \Jear + aor

a a h
=sin™?! 2 —sin7t = g = -
a a a 24 (&
J@ ) + (Gcot1se)’ J& + Geortse) ) \ w2 + (Georree)
=sin” i)~ (coveerw) (o)
= sin cosec18° cosec18°/ \\/4hZ + a2¢cot218°
T 1( 2hsin18° )
=— —sin
10 V4h? + a?cot?18°

Hence on setting the corresponding values, solid angle subtended by the regular pentagonal plane ABCDE at the given
point P is given as

Wreg penta. = Z[wAANC + Waagc — wAANB]

3m hcos36° T — 2hsin18° T 1 hsin18°
=2[——sm ( )+——sm < )——+ sin ( )]
10 VhZ + a?cos?18°/ 10 V4h? + a?cot?18°/ 10

Vh? + a?cos?18°
3m hsin18° — hcos36°
Wreg.penta. = 2 [E + sin ( ) —sin (

2hsin18°
—sin™?! ( )]
Vh2 + a2c0s218° Vh? + a2c05218°) V4h? + a2cot?18°
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Note: This is the standard formula to find out the value of solid angle subtended by a regular pentagonal plane,
having each side of length a, at any point lying at a normal height h from any of the vertices.

¢ Regular Hexagonal Plane o
By following the same procedure as in case of a regular pentagon,
we can divide the hexagon into sub-elementary right triangles.

(As shown in the figure 18)

By using Element Method, solid angle subtended by given regular -
hexagonal plane ABCDEF at the given point P lying at a normal
height h from vertex ‘A’ (i.e. foot of perpendicular)
= Wreg.hexa. = 2((’JAANC + Wpacp — wAANB)
Necessary dimensions can be calculated by the figure as follows Fig 18: Point P lying on the normal axis passing
through the vertex A of regular hexagon
a3 . a a
AN = acos30° = 5 BN = asin30° = > CN =a +E
3a 3a
= RAC= e =V3
Now, using standard formula-1, solid angle subtended by the right AANC at the point P(0, 0, h)
e (o) ()
wAANC = Sin —Sin
(CN)2 + (AN)? J(CN)2 + (AN)2/ \/(PA)? + (AN)?
| \ \
3a I 3a X I
= sin™*< 2 } —sin” { 2 }
2 2 2
3a\? av3 3a\* aV3 a3
J(T) +<T>J l J(T) +(T L J
o (V3) . ((V3 2h T /3
=sin~1{—t —sin 1 — (—) =——sin"| —
2 2 ) \W4h? + 3a2 3 V4h? + 3a2
Similarly, we get solid angle subtended by right AANB at the given point P(0, 0, h)
el ) )
w =Ssin
AANE JBN)Z + (AN)? JBN)Z + (AN)2) \J(PA)Z + (AN)?
f |/ \ \
a a
= sin~! 2 —sin~1 | 2 | | h |
2 2 2
a\?  (aV3 a\? (a3 av3
Jo @] o\ ()
1 1 2h T h
- s v {(3) = £ ()
2 2/ \V4h? + 3a2 6 4h? + 3a?
Similarly, we get solid angle subtended by right AACD at the given point P(0, 0, h)
N (o) (o)
Wppcp = SINT {——————¢ — sin
(CD)? + (AC)? J(€D)? + (AC)2) \\/(PA)? + (AC)?
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=sin~! {(—a \} —sin?! {(/ ¢ \ / h \\}
@) e @) e @)
h

W =sin~! {1} —sin™t {(1) <7)} _I_ sin™?! (7}1 )
aacp 2 2/\Viz+3a2/) " 6 2R ¥ 3a2

Hence on setting the corresponding values, solid angle subtended by the regular hexagonal plane ABCDEF at the given
point P is given as

Wreghexa. = 2[Wpanc + Wpracp — Waans]
T 3 T h T h
=2|=—sin"!| ———|+=—sin"? (7) ——+sin?t (7>
3 V4h? +3a?) 6 2Vh? +3a?/ 6 4h? + 3a?

® =2 [n + sin™1 ( h ) sin™1 < 3 ) sin™1 ( h )]
reg-hexa. 3 V4h? + 3a? V4h? + 3a? 2Vh? + 3a?

Note: This is the standard formula to find out the value of solid angle subtended by a regular hexagonal plane,
having each side of length a, at any point lying at a normal height h from any of the vertices.

Thus, all above standard results are obtained by analytical method of HCR’s Theory using single standard formula-1 of
right triangular plane only. It is obvious that this theory can be applied to find out the solid angle subtended by any
polygonal plane (i.e. plane bounded by the straight lines only) provided the location of foot of perpendicular (F.O.P.) is
known.

Now, we are interested to calculate solid angle subtended by different polygonal planes at different points in the space by
tracing the diagram, specifying the F.O.P. & measuring the necessary dimensions & calculating.

X. Graphical Applications of Theory of Polygon

Graphical Method:

This method is similar to the analytical method which is applicable for some particular configurations of polygon &
locations of given point in the space. But graphical method is applicable for any configuration of polygonal plane &
location of the point in the space. This is the method of tracing, measurements & mathematical calculations which
requires the following parameters to be already known

1. Geometrical shape & dimensions of the polygonal plane

2. Normal distance (h) of the given point from the plane of polygon

3. Location of foot of perpendicular (F.O.P.) drawn from given point to the plane of polygon
First let’s know the working steps of the graphical method as follows

Step 1: Trace the diagram of the given polygon with the help of known sides & angles.

Step 2: Draw a perpendicular to the plane of polygon & specify the location of F.O.P.

Step 3: Divide the polygon into elementary triangles then each elementary triangle into two sub-elementary right triangles
all having common vertex at the F.O.P.

Step 4: Find the area of the polygon as the algebraic sum of areas of sub-elementary right triangles i.e. area of each of the
right triangles must be taken with proper sign (positive or negative depending on the area is inside or outside the boundary
of polygon)

Step 5: Replace each area of sub-elementary right triangle by the solid angle subtended by that right triangle at the given
point in the space.
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Step 6: Measure the necessary dimensions (i.e. distances) & set them into standard formula-1 to calculate the solid angle
subtended by each of the sub-elementary right triangles.

Step 7: Thus, find out the value of solid angle subtended by given polygonal plane at the given point by taking the
algebraic sum of solid angles subtended by the sub-elementary right triangles at the same point in the space.

We are interested to directly apply the above steps without mentioning them in the following numerical examples
Numerical Examples:

Example 1: Let’s find out the value of solid angle subtended by a triangular ABC having sides AB = 8.6cm,BC =
4cm & AC = 5.5cm at a point P lying at a normal height 3cm from the vertex ‘A’.

Sol. Draw the triangle ABC with known values of the sides & specify the location of given point P by P(0,0,3)
perpendicularly outwards to the plane of paper & F.O.P. (i.e. vertex ‘A”) (as shown in the figure 19 below)

Divide AABC into two right triangles AANB & AACN by
drawing a perpendicular AN to the opposite side BC
(extended line). All must have common vertex at F.O.P.

N

It is clear from the diagram, the solid angle subtended by X
AABC at the point ‘P’ is given by Element Method as follows
WpaBc = WAANB — WaANC
Now, measure the necessary dimensions & perform the \
following calculations, by using standard formula-1 A &p (0,003)

) Fig 19: Point P is lying perpendicularly outwards to the
AN = 4.4cm, CN = 3.6cm (from the diagram) plane of paper. All the dimensions are in cm.

BN =BC+CN =4+3.6=7.6cm
Now, solid angle subtended by right AANB at the given point ‘P’

On setting the corresponding values in formula of right triangle

> w = sin~? { BN } —sin™! {( o ) ( ~ >}
AANB = (BN)Z 1 (AN)2 J(BN)Z + (AN)2/ \{/(PA)? + (AN)?

7.6 7.6 3
= sin™ )~ )=
7.6% + 4.42 V7.62 + 4.42/ \\/32 + 442
= 1.046000555 — 0.509254517 = 0.536746038 sr
Similarly, solid angle subtended by right AANC at the given point ‘P’

- CN I CN PA
= Wpane = Sin { L +(AN)2} stn {(\/(CN)z +(AN)2><\/(PA)2 +(AN)2>}

, 3.6 _ 3.6 3
= sin { ) — s ) ()
3.62 + 4.42 V3.62 + 4.42/ \\3Z ¥ 4.42
= 0.68572951 — 0.364761147 = 0.320968363 sr

Hence, solid angle subtended by AABC at the point ‘P’ (by Element Method)

> Wagpe = Waang — Waane = 0.536746038 — 0.320968363 = 0.215777675 sr
Example 2: Let’s find out solid angle subtended by a quadrilateral ABCD having sides AB = 6¢cm, BC = 8cm, CD =

7cm,AD = 4cm & o BAD = 110° at a point lying at a normal height 2cm from the vertex ‘A’ & calculate the total
luminous flux intercepted by the plane ABCD if a uniform point-source of 1400 Im is located at the point ‘P’
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Sol. Draw the quadrilateral ABCD with known values of the sides & angle & specify the location of given point P by
P (0,0, 2) perpendicularly outwards to the plane of paper & F.O.P. (i.e. vertex ‘A’) (as shown in the fig 20).

~ YPe.o0.=2) s =

Fig 20: Point P is lying perpendicularly outwards to the plane of paper. All the dimensions are in cm.

Divide the quadrilateral ABCD into two triangles AABC & AADC by joining the vertex C to the F.O.P. ‘A’. Further divide
AABC & AADC into two right triangles AAMB & AAMC and AANC & AAND respectively simply by drawing
perpendicular to the opposite side in AABC & AADC having common vertex at F.O.P.

It is clear from the diagram, the solid angle subtended by quadrilateral ABCD at the point ‘P’ is given by Element Method
wWapcp = Waape + Waacp = (Wpame + Waams) + (Waane — Waanp)
Now, measure the necessary dimensions then perform the following calculations

AN = 3.8cm, DN = 1.2cm, AM = 59cm, (from the diagram)

BM =12cm = CN=CD+DN=7+12=82cm &
CM =BC—-BM =8-1.2=68cm
Now, solid angle subtended by right AANC at the given point ‘P’

On setting the corresponding values in formula of right triangle

= wygnc = sin~? { CN } —sin™?! {( o ) ( ~ )}
AANC = CN)Z 1 (AN)? J(CN)?2 + (AN)2/ \/(PA)? + (AN)?

8.2 8.2 2
R v R )=
822 +3.82 V822 + 3.8/ \V27 + 3.82
= 1.136842957 — 0.436286431 = 0.700556526 sr

Similarly, solid angle subtended by right AAND at the given point ‘P’

S M P SR
AAND = (DN)Z + (AN)? J(DN)2 + (AN)2) \J(PA)? + (AN)?

1.2 1.2 2
= s ) oo ) (===
1.2%2 4 3.82 V1.22 +3.82/ \W22 +3.82
= 0.305878871 — 0.140714774 = 0.165164097 sr
Similarly, solid angle subtended by right AAMC at the given point ‘P’

w ~ __1{ cM }_ ,_1{< cM )( PA )}
aamc = S (CM)Z + (AM)? st J(CEM)Z + (AM)2) \\J(PA)? + (AM)?

, 6.8 , 6.8 2
= sin” e o )5
6.82 + 5.92 V6.82 + 5.92/ \\2Z + 5.92
= 0.856146031 — 0.24492976 = 0.611216271 sr

Similarly, solid angle subtended by right AAMB at the given point ‘P’
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> w = sin~? { BM } —sin™?! {( il ) ( - )}
AAMB = (BM)Z + (AM)? JBM)? + (AM)2) \/(PA)? + (AM)?

, 1.2 , 1.2 2
= sin f e o ) ==

1.22 + 5.92 V1.22 + 5.92/ \{2Z + 5.92
= 0.200652877 — 0.064029809 = 0.136623068 sr

Hence, solid angle subtended by quadrilateral ABCD at the point ‘P’ (by Element Method)

= Wapcp = Wpapc + Wpacp = (@pamc + Wpamp) + (Waane — ©aanp)

wypcp = 0.611216271 + 0.136623068 + 0.700556526 — 0.165164097 = 1.283231768 sr

Calculation of Luminous Flux: If a uniform point-source of 1400 Im is located at the given point ‘P’ then the total
luminous flux intercepted by the quadrilateral plane ABCD

_ solid angle X total flux emitted by source  1.283231768 x 1400
- 4m - 4

It means that only 142.9628753 Im out of 1400 Im flux is striking the quadrilateral plane ABCD & rest of the flux is
escaping to the surrounding space. This result can be experimentally verified. (H.C. Rajpoot)

= 142.9628753 lm (Lumen)

Example 3: Let’s find out solid angle subtended by a pentagonal plane ABCDE having sides AB = 6¢m, BC = 5.7cm,
CD = 6.65cm,DE = 5.5cm, AE = 7.8cm, o BAE = 120° & oo ABC = 80° at a point ‘P’ lying at a normal height 6cm
from a point ‘O’ internally dividing the side AB such that
0A: OB = 2:1 & calculate the total luminous flux intercepted

by the plane ABCDE if a uniform point-source of 1400 Im is
located at the point ‘P’

Sol: Draw the pentagon ABCDE with known values of the
sides & angles & specify the location of given point P by
P(0,0,6) perpendicularly outwards to the plane of paper &
F.O.P. ‘O’ (as shown in the figure 21)

Divide the pentagon ABCDE into elementary triangles
AOBC,AOCD,AODE & AOEA by joining all the vertices of
pentagon ABCDE to the F.O.P. ‘O’. Further divide each of
the triangles AOBC,AOCD,AODE & AOEA in two right
triangles simply by drawing a perpendicular to the opposite
side in the respective triangle. (See the diagram)

Fig 21: Point P is lying perpendicularly outwards to the

It is clear from the diagram, the solid angle subtended by . . .
plane of paper. All the dimensions are in cm.

pentagonal plane ABCDE at the point ‘P’ is given by Element
Method as follows

WaBcDE = WpoBc T Waocp T WpopE T WAQEA +o- oo oee )
From the diagram, it’s obvious that the solid angle w,pcpr Subtended by the pentagon ABCDE is expressed as the
algebraic sum of solid angles of sub-elementary right triangles only as follows

WaoBc = Waore T Waore  Waocp = Waoep — WaoGe
WAODE = WpoHD T WaoHE  WaoEA = WpojJE — WaojA

Now, setting the values in eq(l), we get

Wapcpe = (Waorp + Waorc) T (Waoep — Waogee) + (Waonp + Waone) + (wAO]E - (UAOJA) v e e (1)
Now, measure the necessary dimensions & set them into standard formula-1 to find out above values of solid angle
subtended by the sub-elementary right triangles at the given point ‘P’ as follows
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=> o =sin™! {L} —sin~?! {( il ) < 20 >}
AOFB = (FB)? + (OF)? \/(FB)Z + (OF)? \/(PO)Z + (OF)?

0.35 0.35 6
= sin™?! —sin™?t
/(0.35)2 + (1.95)2 J(0.35)% + (1.95)2/ \|/(6)2 + (1.95)2
= 0.177596167 — 0.168814218 = 0.008781949 sr

e )
(FC)? + (OF)2 J(FC)? + (0F)2/ \\/(P0)? + (OF)?

, _1{ 5.35 } L {( 5.35 )( 6 >}
= Sin — Sin
J(5.35)% + (1.95)2 J(5.35)2 + (1.95)2/ \|/(6)2 + (1.95)2
=1.221275136 — 1.105149872 = 0.116125264 sr

S = sin™! { DG } —sin™! {( e ) ( 2 )}
A06D = (DG 1 (00)? J(DG)? + (06)2) \\J(P0)? + (06)?

=sin~! L}_ i —1{< 9.9 >< 6 )}
o {,/(9.9)2 + (4.6)2 o J(9.9)2 + (4.6)2) \\/(6)? + (4.6)2

= 1.135829376 — 0.803382922 = 0.332446454 sr

-1 L —sin™? ce ro
= @aoge = S { (CG)2+(0(;)2} s {<\/(C(;)2+(OG)2) <\/(P0)2+(OG)2>}

, _1{ 3.25 } L, {( 3.25 )( 6 )}
= sin — sin
\/(3.25)2 + (4.6)2 J(3.25)% + (4.6)2/ \\/(6)? + (4.6)2

= 0.615089573 — 0.475672072 = 0.139417501 sr

P R
soup =3 Jomz + om2) " \Jome + omz/) \J@oy: + (om)?

L 3.7 L 3.7 6
=sin~! —sin~t
J(3.7)% + (10.25)2 J(3B.7)2 +(10.25)2/ \|/(6)2 + (10.25)2
= 0.346418989 — 0.172376751 = 0.174042238 sr

DU S Rl S
AOHE = EH)? 1 (OH)? \/(EH)2+(0H)2 \/(P0)2+(0H)2

N o) o)
= Sin — Sin

J(1.8)% + (10.25)2 J(1.8)% + (10.25)2/ \/(6)? + (10.25)2

= 0.173837242 — 0.087488889 = 0.086348353 sr

— i1 L —sin™? £ £o
= @aoyr = St {(E])2+(0])2} o {<J(EJ)2+(01)2><J(P0)2+(01)2>}

N o) lomae)
= sin —sin
(9.8)2 + (3.45)2 J(9.8)2 + (3.45)2/ \/(6)? + (3.45)2

= 1.232304566 — 0.957430258 = 0.274874308 sr

I Y B
Waopa = Sin {(A])2+(0])2 e ) \Jeor + o
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Voo R (Vo= v Wommernd
=sin"'{———— —sin
(2)2 + (3.45)2 J(2)2 + (3.45)2) \/(6)% + (3.45)2
= 0.525366873 — 0.449793847 = 0.075573026 sr
Hence, by setting the corresponding values in eq(ll), solid angle subtended by the pentagonal plane at the given point ‘P’
is calculated as follows
®apcpE = (Waorp + Waorc) + (Waoep — Waose) + (Waoup + Waonr) + (wAOJE - onm)

= (0.008781949 + 0.116125264) + (0.332446454 — 0.139417501) + (0.174042238 + 0.086348353)
+ (0.274874308 — 0.075573026) = 0.777628039 sr

Calculation of Luminous Flux: If a uniform point-source of 1400 Im is located at the given point ‘P’ then the total
luminous flux intercepted by the pentagonal plane ABCDE

__solid angle X total flux emitted by source  0.777628039 x 1400
h 4m B 4m

It means that only 86.63434241 Im out of 1400 Im flux is striking the pentagonal plane ABCDE & rest of the flux is
escaping to the surrounding space. This result can be experimentally verified. (H.C. Rajpoot)

= 86.63434241 Im (Lumen)

Example 4: Let’s find out solid angle subtended by a quadrilateral plane ABCD having sides AB = 8cm, BC = 9cm,
CD = 6cm,AD = 4cm & o BAD = 70° at a point ‘P’ lying at a normal height 4cm from a point ‘O’ outside the
quadrilateral ABCD such that OB = 8cm & OC = 4.2cm & calculate the total luminous flux intercepted by the plane
ABCD if a uniform point-source of 1400 Im is located at the point ‘P’

Sol: Draw the quadrilateral ABCD with known
values of the sides & angle & specify the location of
given point P by P (0, 0,4) perpendicularly outwards
to the plane of paper & F.O.P. ‘O’ (See the figure 22)

Divide quadrilateral ABCD into elementary triangles
AOAB,AODA & AOCD by joining all the vertices of
quadrilateral ABCD to the F.O.P. ‘O’. Further divide
each of the triangles AOAB,AODA & AOCD in two
right triangles simply by drawing perpendiculars OE,
OG & OF to the opposite sides AB, AD & CD in the
respective triangles. (See the diagram)

It is clear from the diagram, the solid angle A

subtended by quadrilateral plane ABCD at the given point  Fig 22: Point P is lying perpendicularly outwards to
‘P’ is given by Element Method as follows the plane of naner. All the dimensions are in cm.

Area of quadrilateral ABCD = algebraic sum of areas of elementary triangles . Aypcp
= (Aproap — Anoxs) + (AAODA - AAO]K) + (AAOCD - AAOC])

Now, replacing areas by corresponding values of solid angle, we get

Wapcp = (Waoap — Waokp) + (wAODA - wAO]K) + ((UAOCD - (UAOCJ) --------- )

Now, draw a perpendicular OH from F.O.P. to the side BC to divide AOKB,AOJK & AOC]J into right triangles & express
the above values of solid angle as the algebraic sum of solid angles subtended by the right triangles only as follows

WpApAB = WAOEA — WAOEB WpaopA = Wpaoca — WaoGD Wpaocp = Waorp — WaoFc
WAokB = WpAoHB — WAOHK Wpaojxk = WpAoHK — WAoH) Wpoc) = Wporc T Wnony

Now, setting the above values in eq (1), we get
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Wapcp = (Wpopa — WpoEs — Waonp + Waonk) + (oncA — WapGp — WaoHKk T WaoH /) + (wAOFD — Wpaprc — WaoHC —
wAOHJ)
Wapecp = Waoga T Waoea T Waorp — WpoEp — WaoHB — WaoGD — Waorc — WAOHC )

Now, measure the necessary dimensions & set them into standard formula-1 to find out above values of solid angle
subtended by the sub-elementary right triangles at the given point ‘P’ as follows

=t o ) )
(AE)? + (OE)? J(E)? + (0E)2) \{/(P0)? + (OE)?

BN crr o R (Verarrod Ve o
(9.4)% + (7.9)2 V042 +(7.9)2) \{J(4)? + (7.9)2

= 0.871887063 — 0.353107934 = 0.518779129 sr

> = sin~ ! {L} —sint {( 46 ) ( i )}
206GA = (AC)Z + (0G)2 \/(AG)Z + (06)? \/(PO)Z + (06G)?

= sin™? {—10'5 } —sin™t {( 105 ) ( i >}
J(10.5)2 + (6)2 J(10.5)2 + (6)2/ \/(4)? + (6)2

= 1.051650213 — 0.502496173 = 0.54915404 sr

e R e )
(DF)2 + (OF)? J(DF)2 + (0F)%) \{/(P0)? + (OF)?

N o) o)
= Sin — Sin
(8.1)% + (3.65)2 J(B.1)2 + (3.65)2/ \/(4)? + (3.65)2

1.147429185 — 0.738889475 = 0.408539709 sr

> = sin~! {L} —sin™t {( el ) ( 0 >}
A0EB = (BE)? + (OE)2 J(BE)? + (0E)?) \{/(P0O)? + (OE)?

e o) o)
o {(1.4)2+(7.9)2 o JA2 +(7.9)2) \J(4)? + (7.9)?

= 0.17539422 — 0.078906232 = 0.096487988 sr

o - ) )
(BH)? + (OH)? J(BH)? + (0H)2) \\/(P0)? + (OH)?

1 7.1 R 7.1 4
- {\/(7.1)2+(3.8)2} o {(J(7.1)2+(3.8)2) (J(4)2+(3.8)2)}

= 1.079378081 — 0.69346571 = 0.385912371 sr

SR P o T
206D = (D) 1 (00)2 J(D6)? +(06)2) \\/(PO)? + (0G)?

. 6.5 L 6.5 4
- {\/(6.5)2+(6)2} o {<J(6.5)2+(6)2><\/(4)2+(6)2>}

= 0.82537685 — 0.419819479 = 0.405557371 sr

=~ nore =sin” | ot s (o e
= Sin —— Y X { ]
aore (CF)? + (OF)? JCRZ + (0F)2) \\J(PO)Z + (0F)?
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N o) iome)
= Sin — Sin
(2.1)2 + (3.65)2 J21)2 + (3.65)2/ \J(4)? + (3.65)2

= 0.522091613 — 0.37726383 = 0.144827783 sr

=) ) )
(CH)2 + (OH)? J(CH)? + (0H)?) \{/(P0)? + (OH)?

R 1.9 }_ ] _1{( 1.9 )( 4 )}
o {,/(1.9)2 + (3.8)2 o J(1.9)2 + (3.8)2/ \{/(4)? + (3.8)2
= 0.463647609 — 0.330197223 = 0.133450386 sr

Hence, by setting the corresponding values in eq(Il), solid angle subtended by the pentagonal plane at the given point ‘P’
is calculated as follows

WABcD = WaoEA T Waoga T WAQFD — WAOEB — WAOHB — WA0GD — WaOFC — WAOHC

= 0.518779129 + 0.54915404 + 0.408539709 — 0.096487988 — 0.385912371 — 0.405557371 — 0.144827783
—0.133450386 = 0.310236979 sr

Calculation of Luminous Flux: If a uniform point-source of 1400 Im is located at the given point ‘P’ then the total
luminous flux intercepted by the quadrilateral plane ABCD

solid angle X total flux emitted by source  0.310236979 x 1400
= s = s = 34.56302412 Im (Lumen)

It means that only 34.56302412 Im out of 1400 Im flux is striking the quadrilateral plane ABCD & rest of the flux is
escaping to the surrounding space. This result can be experimentally verified.

Thus, all the mathematical results obtained above can be verified by the experimental results. Although, there had not
been any unifying principle to be applied on any polygonal plane for any configuration & location of the point in the
space. The symbols & names used above are arbitrary given by the author Mr H.C. Rajpoot.

XI. Conclusion

It is obvious from results obtained above that this theory is a Unifying Principle which is easy to apply for any
configuration of a given polygon & any location of a point (i.e. observer) in the space by using a simple & systematic
procedure & a standard formula. Necessary dimensions can be measured by analytical method or by tracing the diagram
of polygon & specifying the location of F.O.P.

Though, it is a little lengthy for random configuration of polygon & location of observer still it can be applied to find the
solid angle subtended by polygon in the easier way as compared to any other methods existing so far in the field of 3-D
Geometry. Theory of Polygon can be concluded as follows

Applicability: It is easily applied to find out the solid angle subtended by any polygonal plane (i.e. plane bounded by the
straight lines only) at any point (i.e. observer) in the space.

Conditions of Application: This theory is applicable for any polygonal plane & any point in the space if the following
parameters are already known

1. Geometrical shape & dimensions of the polygonal plane
2. Normal distance (h) of the given point from the plane of polygon
3. Location of foot of perpendicular (F.O.P.) drawn from given point to the plane of polygon

While, the necessary dimensions (values) used in standard formula-1 are calculated either by analytical method or by
graphical method i.e. by tracing the diagram & measuring the dimensions depending on which is easier. Analytical
method is limited for some particular location of the point while Graphical method is applicable for all the locations &

Page | 55
Research Publish Journals



http://www.researchpublish.com/

International Journal of Mathematics and Physical Sciences Research 1SSN 2348-5736 (Online)
Vol. 2, Issue 2, pp: (28-56), Month: October 2014 - March 2015, Available at: www.researchpublish.com

configuration of polygon w.r.t. the observer in the space. This method can never fail but a little complexity may be there
in case of random locations & polygon with higher number of sides.

Steps to be followed:
1. Trace the diagram of the given polygon with the help of known sides & angles.
2. Draw a perpendicular to the plane of polygon & specify the location of F.O.P.

3. Divide the polygon into right triangles having common vertex at the F.O.P. & find the solid angle subtended by the
polygon as the algebraic sum of solid angles subtended by right triangles such that algebraic sum of areas of right
triangles is equal to the area of polygon.

4. Measure the necessary dimensions & set them into standard formula-1 to calculate solid angle subtended by each of the
right triangles & hence solid angle subtended by the polygon at the given point.

Ultimate aim is to find out solid angle, subtended by a polygon at a given point, as the algebraic sum of solid angles
subtended by the right triangles, measuring the dimensions, applying standard formula-1 on each of the right triangle &
calculating the required result.

Future Scope: This theory can be easily applied for finding out the solid angle subtended by 3-D objects which have
surface bounded by the planes only Ex. Cube, Cuboid, Prism, Pyramid, Tetrahedron etc. in 3-D modelling &
analysis by tracing the profile of surface of the solid as a polygon in 2-D & specifying the location of a given point &
F.O.P. in the plane of profile-polygon as the projection of such solids in 2-D is always a polygon for any configuration of
surface of solid in the space.
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